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The exact analytical lattice results for the partition function of the free neutral scalar field in
one spatial dimension in both the configuration and the momentum space were obtained in the
framework of the path integral method. The symmetric square matrices of the bilinear forms on
the vector space of fields in both configuration space and momentum space were found explicitly.
The exact lattice results for the partition function were generalized to the three-dimensional spatial
momentum space and the main thermodynamic quantities were derived both on the lattice and
in the continuum limit. The thermodynamic properties and the finite volume corrections to the
thermodynamic quantities of the free real scalar field were studied. We found that on the finite
lattice the exact lattice results for the free massive neutral scalar field agree with the continuum
limit only in the region of small values of temperature and volume. However, at these temperatures
and volumes the continuum physical quantities for both massive and massless scalar field deviate
essentially from their thermodynamic limit values and recover them only at high temperatures
or/and large volumes in the thermodynamic limit.
PACS numbers: 11.10.Wx; 05.30.-d
I. INTRODUCTION
The process of particle (hadron) production from the hot medium created in heavy ion collisions and hadron-hadron
reactions at the LHC [1–4] and the RHIC [5–7] calls for the introduction of finite temperature and volume into studies
of quantum field theory (QFT). However, most theoretical approaches used for the description of the thermodynamic
properties or/and phase transitions for relativistic quantum fields (i.e. bosons and fermions, which are generated in
these processes) are considered in the thermodynamic limit. In these models, the infinite volume of the system is
implemented directly [8–10] or indirectly through the application of the continuous momentum spectra instead of
the discrete eigenvalues of the momentum operator of particles [11–17]. Thus, the finite size effects are important
for consideration in the statistical theories meant to describe the nucleus-nucleus and proton-proton collisions. They
may significantly influence the thermodynamic characteristics of quantum fields and, in particular, of the QCD phase
diagram as a whole [18].
There are various methods of quantization of fields, such as the canonical method, the path integral method,
etc. [19–21]. The thermodynamic properties of the QCD phase diagram are described by both the canonical quanti-
zation formalism (second quantization) [16, 22] and the path-integral formalism [23]. Numerical computations in the
framework of the path-integral formalism by the Monte Carlo method, for example in the case of lattice gauge theory,
allow the study of nonperturbative effects, for example those manifesting themselves in the QCD phase transitions [24].
All of these methods of field quantization are equivalent [19, 20].
The formalism of statistical mechanics agrees with the zeroth law of thermodynamics under the condition that
the thermodynamic potential of the statistical ensemble, which contains all information about the physical system,
is a homogeneous function of the first order with respect to the extensive variables of state [25–30]. For most
physical systems this condition is fulfilled in the thermodynamic limit. The problem of homogeneity properties of the
thermodynamic quantities in the case of lattice quantum chromodynamics (LQCD), which is expected to accurately
describe the phase transitions for the relativistic quantum fields featuring in heavy ion collisions, has not been
rigorously studied yet. It is considered that the trace anomaly enhancement is the interaction measure in both the
pure gauge theory on the lattice [31] and the full LQCD [32–34]. In the approximate numerical calculations for the
lattice QCD as given, for example, in [33–35] it is difficult to verify the homogeneity properties of the thermodynamic
potential of the system. Therefore, to investigate the severity of this problem, an exactly solvable statistical model
for a free relativistic quantum field on a finite lattice should be considered and finite volume effects as well as the
continuum limit should be carefully analyzed [36].
The main purpose of this paper is to obtain the analytical results for the partition function of the free neutral scalar
field on a finite lattice in both configuration space and momentum space and to study the thermodynamic properties
and the finite volume corrections to the thermodynamic quantities both on the finite lattice and in the continuum
limit at finite temperature and volume.
The structure of the paper is as follows. In Section II, we briefly describe the path integral formalism for the neutral
2scalar field in the configuration and momentum spaces. The continuum limit for the thermodynamic quantities is
given in Section III. The vacuum and physical thermodynamic quantities on the finite lattice are defined in Section IV.
The thermodynamic principle of additivity in the grand canonical ensemble is considered in Section V. The results
are discussed in Section VI. The main conclusions are summarized in the final section.
II. FREE REAL SCALAR FIELD
We consider a path integral method for the quantum fields to solve exactly the partition function for the free real
scalar field in the one-spatial dimension, which is based on the discretization of the inverse temperature instead of
time and uses the field operators in the Schro¨dinger picture at time t = 0. We also recite the most important path
integral relations to keep the paper self-contained.
Let us consider a system consisting only of the neutral scalar field φ(x) with mass m. The corresponding classical
action S is the integral over space-time [19]
S =
∫
dtL =
∫
d4xL(φ(x), ∂µφ(x)), (1)
with the classical Lagrangian density L given by
L = 1
2
(∂µφ∂µφ−m2φ2). (2)
Here and throughout the paper we use the system of natural units h¯ = c = kB = 1.
The thermodynamics of the real scalar field of volume V , in contact with the heat and particle reservoir of temper-
ature T and chemical potential µ, is defined by the statistical operator and the partition function,
ˆ̺ =
1
Z
e−β(Hˆ−µQˆ) and Z = Tr e−β(Hˆ−µQˆ), (3)
respectively, where β = 1/T , Hˆ is the Hamiltonian of the system and Qˆ is the electric charge operator in the canonical
operator formalism. For the real scalar field the charge operator Qˆ = 0.
Let us rewrite the partition function (3) in the path integral method as [20]
Z =
∫
[dφ]〈φ|e−β(Hˆ−µQˆ)|φ〉, (4)
where all the operators are defined in the Schro¨dinger representation. The field operator φˆ(x) in the Schro¨dinger
picture does not depend on time t, φˆ(~x) is φˆ(x) at t = 0 and has the eigenstate |φ(~x)〉 with the eigenvalue φ(~x) [20]:
φˆ(~x)|φ(~x)〉 = φ(~x)|φ(~x)〉. (5)
Similar relations are satisfied by the canonical conjugate field operator πˆ(x) = ∂Lˆ/∂ ˙ˆφ(x) = ˙ˆφ(x). The Hamiltonian
Hˆ of the system in the Schro¨dinger picture is given by [20]
Hˆ =
∫
d3xHˆ(πˆ(~x), φˆ(~x)), (6)
where the Hamiltonian density Hˆ(πˆ, φˆ) is expressed in terms of the field operator φˆ(~x) and its conjugate momentum
operator πˆ(~x):
Hˆ = 1
2
[
πˆ2 + (~∇φˆ)2 +m2φˆ2
]
. (7)
The main point of the path integral method considered here is that the “time” interval of continually variable
length β is subdivided into Nβ equal intervals of length aβ , β = aβNβ, and the volume V of the system is divided
into N3σ small cells, each with volume a
3
σ so that V = L
3
σ, where Lσ = aσNσ. The small intervals on the β-axis are
labeled by the integer nβ = 1, . . . , Nβ and the space cells in V are fixed by the integer vector ~n = (nx, ny, nz) with the
coordinates nα = 1, . . . , Nσ. The discretized β and volume V form a 4-dimensional lattice Λ, the cells of which are
given by the vector nν = (~n, nβ). Then to each cell nν there is attributed the field operator φˆ(nν) with an eigenstate
3|φ(nν)〉 and eigenvalue φ(nν). We have a discrete set of a finite number of operators. For convenience, we denote
the field operator in another form φˆl,i ≡ φˆ(nν) (l ∈ Λ3, i = nβ), where l is an integer and Λ3 is the 3-dimensional
subspace of the lattice Λ.
For simplicity, to start with, let us find the analytical expression for the partition function in one spatial dimension
and generalize it finally to the usual three spatial dimensions. The partition function (4) in one spatial dimension can
be written as
Z = lim
Nσ→∞,Nβ→∞
Zlat (8)
and
Zlat =
∫ Nσ∏
l=1
dφl,1 〈φ1,1, . . . , φNσ,1|e−aβ(Hˆ−µQˆ)e−aβ(Hˆ−µQˆ) · · · e−aβ(Hˆ−µQˆ)|φ1,1, . . . , φNσ ,1〉, (9)
where lim denotes the continuum limit which means that Nσ → ∞, aσ → 0 at Lσ = const and Nβ → ∞, aβ → 0 at
β = const. The exponents in Eq. (9) are enumerated from right to left by the index i = 1, . . . , Nβ. The state vectors
|φi〉 ≡ |φ1,i, . . . , φNσ,i〉 and |πi〉 ≡ |π1,i, . . . , πNσ ,i〉 are orthogonal and complete:
〈φi|φj〉 =
Nσ∏
l=1
δ(φl,i − φl,j), (10)
1 =
∫ Nσ∏
l=1
dφl,i |φi〉〈φi| (11)
and
〈πi|πj〉 =
Nσ∏
l=1
2π
aσ
δ(πl,i − πl,j), (12)
1 =
∫ Nσ∏
l=1
aσdπl,i
2π
|πi〉〈πi|. (13)
To solve Eq. (9), we insert in the left side of each i-th exponent the product of two unit operators for the fields |φi+1〉
and |πi〉. Using Eq. (10), we obtain
Zlat =
∫ Nσ∏
l=1
dφl,1〈φ1|φNβ+1〉
∫ Nσ∏
l=1
Nβ∏
i=1
aσdπl,idφl,i
2π
Nβ∏
i=1
〈φi+1|πi〉〈πi|e−aβ(Hˆ−µQˆ)|φi〉. (14)
The matrix element is
〈πi|e−aβ(Hˆ−µQˆ)|φi〉 = e
−aσaβ
Nσ∑
l=1
[Hl,i−µQl,i]
〈πi|φi〉, (15)
where the Hamiltonian function (7) for the Klein-Gordon field on the lattice in one spatial dimension is given by
Hl,i = 1
2
π2l,i +
1
2
(
φl+1,i − φl,i
aσ
)2
+
1
2
m2φ2l,i. (16)
Note that for the real scalar field the chemical potential µ = 0. The eigenstate |πi〉 in the field representation can be
written as [19]
〈πi|φi〉 = e
−ıaσ
Nσ∑
l=1
πl,iφl,i
. (17)
Substituting Eqs. (10), (15), (16) and (17) into Eq. (14) and introducing the (anti)periodic boundary conditions
for the field φl,i in the one spatial dimension, we obtain
Zlat =
∫ Nσ∏
l=1
Nβ∏
i=1
aσdπl,idφl,i
2π
e
−aσaβ
Nσ∑
l=1
Nβ∑
i=1
[
1
2π
2
l,i−ıπl,i
(
φl,i+1−φl,i
aβ
)
+ 12
(
φl+1,i−φl,i
aσ
)2
+ 12m
2φ2l,i
]
(18)
4with the conditions that
φl,Nβ+1 = φl,1 and φNσ+1,i = ξσφ1,i, (19)
where ξσ = ±1 for the periodic and antiperiodic boundary conditions along the spatial x-axis.
Integrating Eq. (18) over the variable πl,i under the condition that Re(aσaβ/2) > 0, we obtain
Zlat =
(
aσ
2πaβ
)NσNβ
2
∫ Nσ∏
l=1
Nβ∏
i=1
dφl,i e
−aσaβ
Nσ∑
l=1
Nβ∑
i=1
[
1
2
(
φl,i+1−φl,i
aβ
)2
+ 12
(
φl+1,i−φl,i
aσ
)2
+ 12m
2φ2l,i
]
(20)
with the restrictions given in Eq. (19). Equation (20) exactly coincides with Eq. (2.7) from Ref. [37] in the case of
the one spatial dimension. Thus, the path integral method used in this paper gives the same results for the partition
function of the scalar field as the standard method of path integrals.
We write the function in the exponent in Eq. (20) into the bilinear form on the n dimensional vector space of vectors
~Φ = (Φ1, . . . ,Φn) under the conditions (19), where n = NσNβ and ΦJ(l,i) = (aσ/2aβ)
1/2φl,i with J(l, i) = Nβ(l−1)+i.
We have
Zlat = π
−
NσNβ
2
∞∫
−∞
Nσ∏
l=1
Nβ∏
i=1
dΦJ(l,i) e
−
Nσ∑
l=1
Nβ∑
i=1
Nσ∑
k=1
Nβ∑
j=1
AJ(l,i)J(k,j)ΦJ(l,i)ΦJ(k,j)
(21)
with
AJ(l,i)J(k,j) = δl,kδi,j
[
2
(
1 +
a2β
a2σ
)
+ a2βm
2
]
− δl,k [(1− δi,Nβ ) δj,i+1 + (1 − δj,Nβ) δi,j+1 + δi,1δj,Nβ + δi,Nβδj,1]
− δi,j [(1− δl,Nσ ) δk,l+1 + (1− δk,Nσ ) δl,k+1 + ξσ(δl,1δk,Nσ + δl,Nσδk,1)]
a2β
a2σ
, (22)
where J = 1, 2, . . . , n is the number of the site on the lattice in the configuration space. The matrix A is a symmetric
square matrix of size n× n, which for the periodic boundary conditions along the spatial x-axis can be written as
A = INσ ⊗ INβ
[
2
(
1 +
a2β
a2σ
)
+ a2βm
2
]
− INσ ⊗ CNβ −
a2β
a2σ
CNσ ⊗ INβ , (23)
where IN is the identity matrix of size N ×N , the symbol ⊗ denotes the tensor product and CN is the matrix of size
N ×N of the form
CN =


0 1 0 0 · · · 0 0 1
1 0 1 0 · · · 0 0 0
0 1 0 1 · · · 0 0 0
0 0 1 0 · · · 0 0 0
...
...
...
...
. . .
...
...
...
0 0 0 0 · · · 0 1 0
0 0 0 0 · · · 1 0 1
1 0 0 0 · · · 0 1 0


. (24)
For any real symmetric square matrix D the following formula for Riemann integrals is valid [20]:
∞∫
−∞
dx1 · · · dxne−xiDijxj = πn/2(detD)−1/2. (25)
Thus, using (25) and integrating (21) with respect to the variables ΦJ(l,i), we obtain
Zlat =
1√
detA
=
NσNβ∏
l=1
P
−1/2
l (26)
5with the recurrence equations of the form
Pl = All − 1
4
l−1∑
k=1
Q2kl
Pk
, (27)
Qij = 2Aij − 1
2
i−1∑
k=1
QkiQkj
Pk
, (28)
where Re(Pl) > 0, l = 1, . . . , NσNβ , i = 1, . . . , NσNβ − 1 and j = i + 1, . . . , NσNβ. The matrix elements Aij of
the matrix A are given in Eq. (22). Note that Eqs. (27) and (28) can be reduced to the equations for the LDL
factorization [38] by changing the variables.
Let us rewrite the partition function (9) in the momentum space on the basis of the Fourier transform defined on
the lattice. The four-dimensional momentum space Λ˜, which corresponds to the lattice Λ, can be defined as
Λ˜ =
{
pµ = (px, py, pz, pβ)
∣∣∣∣pµ = 2πaµNµ (kµ + θµ), kµ1 ≤ kµ ≤ kµ2, µ = x, y, z, β
}
(29)
and
kµ1 = −Nµ − 1
2
+
ηµξµ
2
, (30)
kµ2 =
Nµ − 1
2
+
ηµξµ
2
, (31)
where ξµ = 1 (θµ = 0) and ξµ = −1 (θµ = 1/2) for the choice of periodic and antiperiodic boundary conditions,
respectively, along the µ-direction and ηµ = 1 for Nµ even and ηµ = 0 for Nµ odd [24].
It is not difficult to prove that the vectors pµ and nµ satisfy the following relations [24]:
1
Nµ
Nµ∑
nµ=1
e
ı 2pi
Nµ
(kµ−k
′
µ)nµ = δkµ,k′µ , (32)
1
Nµ
kµ2∑
kµ=kµ1
e
ı 2pi
Nµ
(nµ−n
′
µ)(kµ+θµ) = δnµ,n′µ (33)
and
1
Nµ
Nµ∑
nµ=1
eıaµ(pµ+p
′
µ)nµ = δkµ+k′µ+2θµ,0 + [(1− 2θµ)ηµ + 2θµ(1− ηµ)]δkµ+k′µ+2θµ,Nµ , (34)
where −(Nµ − 1) ≤ kµ − k′µ ≤ Nµ − 1 and −(Nµ − 1) ≤ nµ − n′µ ≤ Nµ − 1.
Then the Fourier transform for the lattice field ΦJ(nx,nβ) and its inverse transform can be written as [24]
ΦJ(nx,nβ) =
1√
NσNβ
kx2∑
kx=kx1
kβ2∑
kβ=kβ1
fI(kx,kβ)e
ı(aσpxnx+aβpβnβ), (35)
fI(kx,kβ) =
1√
NσNβ
Nσ∑
nx=1
Nβ∑
nβ=1
ΦJ(nx,nβ)e
−ı(aσpxnx+aβpβnβ), (36)
where the index I(kx, kβ) ≡ Nβ(kx − kx1) + kβ − kβ1 + 1 is the number of the site on the lattice in the momentum
space. It should be stressed that the values of the indices J and I are fixed by the vectors nµ and kµ, respectively.
The neutral scalar field is real and Φ∗J = ΦJ . Therefore, the complex function fI(kx,kβ) can be represented by its
amplitude and phase in the form
fI(kx,kβ) = RI(kx,kβ) e
ı(aσpx+aβpβ). (37)
6Substituting Eqs. (37) and (35) into (21) and using Eq. (34), we can write
Zlat = π
−
NσNβ
2 | detJ |
∞∫
−∞
kx2∏
kx=kx1
kβ2∏
kβ=kβ1
dRI(kx,kβ)
× e
−
kx2∑
kx=kx1
kβ2∑
kβ=kβ1
kx2∑
k′x=kx1
kβ2∑
k′
β
=kβ1
BI(kx,kβ)I(k′x,k
′
β
)RI(kx,kβ )RI(k′x,k
′
β
)
(38)
and
BI(kx,kβ)I(k′x,k′β) = GI(kx,kβ) (δkβ+k
′
β
,0 + ηβδkβ+k′β ,Nβ )
(
δkx+k′x+2θx,0 + [(1− 2θx)ηx + 2θx(1 − ηx)]δkx+k′x+2θx,Nσ
)
,
(39)
where
GI(kx,kβ) = a
2
β
[(
2
aβ
sin
aβpβ
2
)2
+
(
2
aσ
sin
aσpx
2
)2
+m2
]
(40)
and
JJ(nx,nβ)I(kx,kβ) =
∂ΦJ(nx,nβ)
∂RI(kx,kβ)
=
1√
NσNβ
eı[aσpx(nx+1)+aβpβ(nβ+1)]. (41)
Here JJ(nx,nβ)I(kx,kβ) are the matrix elements of the Jacobian matrix J of size n× n. The matrix B is a symmetric
square matrix of size n×n, which for the periodic boundary conditions along the spatial x-axis in the case of Nσ odd
and Nσ even can be written in a block form as
B =


0 0 · · · 0 0 B1
0 0 · · · 0 B2 0
0 0 · · · B3 0 0
...
...
. . .
...
...
...
0 0 · · · 0 0 0
0 BNσ−1 · · · 0 0 0
BNσ 0 · · · 0 0 0


and B =


0 0 · · · 0 B1 0
0 0 · · · B2 0 0
0 0 · · · 0 0 0
...
...
. . .
...
...
...
0 BNσ−2 · · · 0 0 0
BNσ−1 0 · · · 0 0 0
0 0 · · · 0 0 BNσ


, (42)
respectively, where the i-th matrix Bi is a symmetric square matrix of size Nβ ×Nβ, which in the case of Nβ odd and
Nβ even are given by
Bi =


0 0 · · · 0 0 Gj+1
0 0 · · · 0 Gj+2 0
0 0 · · · Gj+3 0 0
...
...
. . .
...
...
...
0 0 · · · 0 0 0
0 Gj+Nβ−1 · · · 0 0 0
Gj+Nβ 0 · · · 0 0 0


(43)
and
Bi =


0 0 · · · 0 Gj+1 0
0 0 · · · Gj+2 0 0
0 0 · · · 0 0 0
...
...
. . .
...
...
...
0 Gj+Nβ−2 · · · 0 0 0
Gj+Nβ−1 0 · · · 0 0 0
0 0 · · · 0 0 Gj+Nβ


, (44)
respectively. Here we have j = Nβ(i − 1). Note that the arguments of the composed index I(kx, kβ) of GI(kx,kβ) can
be found from its definition given above.
7Using (25) and integrating (38) with respect to the variables RI(kx,kβ), we obtain
Zlat =
| detJ |√
detB
. (45)
The matrix B has NσNβ nonzero elements equal to GI(kx,kβ). In any row and any column there is only one nonzero
element, regardless of the periodicity conditions for the x-axis and parity conditions for Nσ and Nβ . Therefore, the
determinant of the matrix B can be written as
detB = χ
kx2∏
kx=kx1
kβ2∏
kβ=kβ1
GI(kx,kβ), (46)
χ = (−1) 12NσIβ+ 12N2β [(Nσ−Ix)2+Ix], (47)
where Iβ = (1 − ηβ)3Nβ + ηβ(Nβ + 2) and Ix = (1 − ηx)2θx + ηx(1 − 2θx). Substituting Eq. (46) into Eq. (45), we
obtain
Zlat =
1√∏kx2
kx=kx1
∏kβ2
kβ=kβ1
GI(kx,kβ)
, (48)
where | detJ |χ−1/2 = 1 and GI(kx,kβ) is the function calculated by formula (40). Note that Eq. (48) is equivalent to
Eq. (26). For example, calculating Zlat by Eqs. (48) and (26) for Nσ = Nβ = 4, Lσ = 9 fm at temperature T = 100
MeV and m = 134.98 MeV, we obtain exactly the same numerical result, Zlat = 0.0604.
Now the partition function (48) for one spatial dimension can be generalized to three spatial dimensions of the
momentum space. For this reason, we can rewrite the partition function (48) and the function (40) in the form
Zlat =
kσ2∏
~k=kσ1
kβ2∏
kβ=kβ1
1√
a2β(ω
2
β + ω
2)
, (49)
ωβ =
2
aβ
sin
aβpβ
2
, (50)
ω =
√√√√ 3∑
α=1
(
2
aσ
sin
aσpα
2
)2
+m2, (51)
where ω is a relativistic one-particle energy on the lattice, θβ = 0 and pβ = 2πkβ/β is the Matsubara frequency. Let
us remark that the lattice partition function (49) for the particular case of the periodic spatial boundary conditions,
θσ = 0, was firstly obtained by another method in [37].
The thermodynamic quantities on the lattice are derived from the partition function (49). The density of the
thermodynamic potential ωE = −(βV )−1 lnZlat, the energy density εE = −V −1∂ lnZlat/∂β, the pressure pE =
β−1∂ lnZlat/∂V , and the entropy density sE can be written as
ωE =
1
2βV
kσ2∑
~k=kσ1
kβ2∑
kβ=kβ1
ln
[
a2β(ω
2
β + ω
2)
]
, (52)
εE =
1
βV
kσ2∑
~k=kσ1
kβ2∑
kβ=kβ1
ω2
ω2β + ω
2
, (53)
pE =
1
3βV
kσ2∑
~k=kσ1
kβ2∑
kβ=kβ1
ω2 −m2
ω2β + ω
2
(54)
and
sE = β(−ωE + εE), (55)
where ∂Nβ/∂β = 0 and ∂Nσ/∂V = 0. Note that the energy density (53) and pressure (54) with the periodic spatial
boundary conditions, θσ = 0, were obtained in [37].
For m = 0, the zero-mode term ~k = 0, kβ = 0 does not contribute to the sums in Eqs. (52)-(54) [37]. Thus, for the
free massless real scalar field we have the relation pE = εE/3.
8III. CONTINUUM LIMIT
Let us find the density of the thermodynamic potential (52), the energy density (53) and the pressure (54) in the
continuum limit. Here we consider only the periodic boundary conditions, θσ = 0 and θβ = 0, as in Ref. [37].
First, let us find the thermodynamic quantities (52)–(54) in the limit Nβ → ∞, aβ → 0 at β = const and fixed
value of Nσ. Here and throughout the paper such thermodynamic quantities will be denoted by the asterisk symbol.
Expanding the function under the sums in Eq. (53) into the series on N−1β around the point Nβ =∞ and taking the
limit Nβ →∞, we obtain
ε∗E =
1
βV
kσ2∑
~k=kσ1
∞∑
kβ=−∞
(βω)2
(2πkβ)
2 + (βω)2
, (56)
where kσ1 and kσ2 are defined in Eqs. (30) and (31), respectively, and ω is given in Eq. (51). Using the generating
function (see, for example, [39])
∞∑
k=−∞
a2
(2πk)2 + a2
=
a
2
coth
a
2
, (57)
one obtains
ε∗E =
1
βV
kσ2∑
~k=kσ1
βω
2
coth
βω
2
= ε∗v + ε
∗, (58)
ε∗v =
1
2V
kσ2∑
~k=kσ1
ω, (59)
ε∗ =
1
V
kσ2∑
~k=kσ1
ω
1
eβω − 1 , (60)
where ε∗v and ε
∗ are the vacuum and physical terms, respectively, of the energy density ε∗E .
Using Eq. (57), the pressure (54) in this limit can be rewritten as
p∗E = p
∗
v + p
∗, (61)
p∗v =
1
6V
kσ2∑
~k=kσ1
(
ω − m
2
ω
)
, (62)
p∗ =
1
3V
kσ2∑
~k=kσ1
(
ω − m
2
ω
)
1
eβω − 1 , (63)
where p∗v and p
∗ are the vacuum and physical terms, respectively, of the pressure p∗E .
Considering Eqs. (58), (61) and the definitions of the quantities (52)–(54), the density of thermodynamic potential
(52) in this limit can be rewritten as
ω∗E = ω
∗
v + ω
∗
ph, (64)
ω∗v =
1
2V
kσ2∑
~k=kσ1
ω, (65)
ω∗ph =
1
βV
kσ2∑
~k=kσ1
ln
(
1− e−βω) , (66)
where ω∗v and ω
∗
ph are the vacuum and physical terms, respectively, of the density of the thermodynamic potential
ω∗E . Note that in the limit Nβ →∞, β = const and Nσ = const all the vacuum and physical terms are not divergent.
The numerical proof of Eq. (64) will be given in Section VI.
9Now let us find the thermodynamic quantities (52)–(54) in the continuum limit. The thermodynamic quantities in
the continuum limit will be denoted by the index ’c’. The energy density (58) in the continuum limit can be rewritten
as [20, 40]
εcE = ε
c
v + ε
c, (67)
εcv =
1
2V
∑
~k
ω, (68)
εc =
1
V
∑
~k
ω
1
eβω − 1 , (69)
where kα = 0,±1,±2, . . .±∞ (α = 1, 2, 3) and the one-particle energy (51) takes the form
ω =
√
~p2 +m2, pα =
2π
Lσ
kα. (70)
The pressure (61) in the continuum limit can be rewritten as [20, 40]
pcE = p
c
v + p
c, (71)
pcv =
1
6V
∑
~k
(
ω − m
2
ω
)
, (72)
pc =
1
3V
∑
~k
(
ω − m
2
ω
)
1
eβω − 1 , (73)
where ω is given in Eq. (70) and the range of kα is given below Eq. (69).
The density of the thermodynamic potential (64) in the continuum limit can be rewritten as [20, 40]
ωcE = ω
c
v + ω
c
ph, (74)
ωcv =
1
2V
∑
~k
ω = εcv, (75)
ωcph =
1
βV
∑
~k
ln
(
1− e−βω) , (76)
where ω is defined in Eq. (70) and the range of kα is given below Eq. (69). Thus, in the continuum limit the energy
density (67)–(69), the pressure (71)–(73), and the density of the thermodynamic potential (74)–(76) exactly coincide
with their corresponding quantities obtained by the method of second quantization [20, 40]. Hence, it was analytically
proved that for the free neutral scalar field the method of path integral quantization and the method of canonical
quantization are equivalent at any values of T and V . Note that in the continuum limit all the vacuum terms are
divergent.
Using Eqs. (69) and (73) we can write the trace anomaly in the continuum limit as
∆c2 ≡ β4(εc − 3pc) =
β4
V
∑
~k
m2
ω
1
eβω − 1 . (77)
The trace anomaly ∆c2 defines the deviation of the equation of state from the Stefan-Boltzmann equation. The trace
anomaly (77) for the massive neutral scalar field in a finite volume and at low temperatures is nonvanishing; however,
it decreases with T .
The potential inhomogeneity in the continuum limit can be defined as
∆c1 ≡ 3β4(ωcph + pc) =
3β3
V
∑
~k
ln
(
1− e−βω)+ β4
V
∑
~k
(ω − m
2
ω
)
1
eβω − 1 . (78)
This quantity is a measure of violation of the homogeneous properties of the thermodynamic potential of the grand
canonical ensemble. The thermodynamic potential of the grand canonical ensemble is not a homogeneous function of
the first order if the quantity (78) is not equal to zero. For the proof of this statement see Section V.
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For m = 0, the zero-mode term ~k = 0 in all the equations given above is suppressed because this term describes a
condensate of massless bosons which is unobservable. Thus, for the free massless real scalar field we have the relations
p∗E = ε
∗
E/3, p
∗
v = ε
∗
v/3, p
∗ = ε∗/3, pcE = ε
c
E/3, p
c
v = ε
c
v/3 and p
c = εc/3. Moreover, for m = 0 the trace anomaly (77)
is equal to zero, ∆c2 = 0.
The Riemann integral of a real-valued function f(x) defined on the interval [a, b] is the limit of the Riemann sum:
b∫
a
f(x)dx = lim
λR→0
n∑
k=1
f(ξk)∆xk, (79)
where a partition of an interval [a, b] is a finite sequence of numbers of the form a = x0 < x1 < · · · < xn−1 < xn = b
with n subintervals [xk−1, xk] of the length ∆xk = xk − xk−1 (∆xk > 0), λR is the length of the longest subinterval
and xk−1 ≤ ξk ≤ xk. Let us rewrite Eqs. (68), (69) in the form
εcv =
1
2(2π)3
∞∑
kx=−∞
∞∑
ky=−∞
∞∑
kz=−∞
√
p2x + p
2
y + p
2
z +m
2 ∆px∆py∆pz, (80)
εc =
1
(2π)3
∞∑
kx=−∞
∞∑
ky=−∞
∞∑
kz=−∞
√
p2x + p
2
y + p
2
z +m
2
eβ
√
p2x+p
2
y+p
2
z+m
2 − 1
∆px∆py∆pz, (81)
where pα = ∆pαkα (α = x, y, z) with the length of subintervals ∆pα = ∆p = 2π/V
1/3. In the thermodynamic limit
as V →∞ we have ∆p→ 0. Using Eq. (79), we obtain
εcv =
1
2(2π)3
lim
∆p→0
∞∑
kx=−∞
∞∑
ky=−∞
∞∑
kz=−∞
√
p2x + p
2
y + p
2
z +m
2 ∆px∆py∆pz
=
1
2(2π)3
∞∫
−∞
∞∫
−∞
∞∫
−∞
√
p2x + p
2
y + p
2
z +m
2 dpxdpydpz (82)
and
εc =
1
(2π)3
lim
∆p→0
∞∑
kx=−∞
∞∑
ky=−∞
∞∑
kz=−∞
√
p2x + p
2
y + p
2
z +m
2
eβ
√
p2x+p
2
y+p
2
z+m
2 − 1
∆px∆py∆pz
=
1
(2π)3
∞∫
−∞
∞∫
−∞
∞∫
−∞
√
p2x + p
2
y + p
2
z +m
2
eβ
√
p2x+p
2
y+p
2
z+m
2 − 1
dpxdpydpz, (83)
where, now, the momentum components px, py and pz under the integrals are continuum quantities. Then, for m = 0
in the thermodynamic limit as V →∞ (∆p→ 0), we obtain
εcv =
1
4π2
∞∫
0
p3dp→∞, (84)
εc =
1
2π2
∞∫
0
p3dp
eβp − 1 =
π2
30β4
= εSB. (85)
These are values of the vacuum and physical terms of the energy density (67) in the Stefan-Boltzmann limit. Since for
the massless neutral scalar field the pressure pcv = ε
c
v/3 and p
c = εc/3, we have pcv →∞ and pc = π2/(90β4) = pSB.
The vacuum term of the density of the thermodynamic potential in the Stefan-Boltzmann limit is also divergent,
ωcv = ε
c
v →∞. However, the physical term of the density of the thermodynamic potential is
ωcph =
1
2π2β
∞∫
0
p2 ln
(
1− e−βp) dp = − π2
90β4
= ωSB. (86)
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Thus, the Stefan-Boltzmann limit corresponds to the continuum quantities of the massless neutral scalar field given
in the thermodynamic limit, when the discrete momentum spectrum of bosons becomes continuous.
It should be stressed that at finite values of volume V the shift ∆SB = εSB− εc for the massless neutral scalar field
is not equal to zero and the energy density εc deviates from its Stefan-Boltzmann limit. We have
∆SB =
1
(2π)3
∞∫
−∞
∞∫
−∞
∞∫
−∞
√
p2x + p
2
y + p
2
z
eβ
√
p2x+p
2
y+p
2
z − 1
dpxdpydpz − 1
V
∞∑
kx=−∞
∞∑
ky=−∞
∞∑
kz=−∞
√
(∆p)2(k2x + k
2
y + k
2
z)
eβ
√
(∆p)2(k2x+k
2
y+k
2
z) − 1
. (87)
For the numerical proof of this statement see Section VI.
IV. PHYSICAL THERMODYNAMIC QUANTITIES ON A FINITE LATTICE
We define the vacuum and the physical terms of thermodynamic quantities on the finite lattice (Nβ , Nσ) as in
Ref. [37]. In this case, the vacuum terms of the thermodynamic quantities on the finite lattice are derived from
Eqs. (52)–(54) by changing the summation over kβ to integration, which corresponds to T = 0. Thus, by definition,
we have the lattice vacuum terms as [37]
ωv =
1
aβV
kσ2∑
~k=kσ1
ln
[
aβω
2
+
[
1 +
(aβω
2
)2]1/2]
, (88)
εv =
1
2V
kσ2∑
~k=kσ1
ω
[
1 +
(aβω
2
)2]−1/2
, (89)
pv =
1
6V
kσ2∑
~k=kσ1
(
ω − m
2
ω
)[
1 +
(aβω
2
)2]−1/2
, (90)
where aβ = const and ω is given in Eq. (51). Then, the physical terms of the thermodynamic quantities on the finite
lattice can be written as [37]
ωph = ωE − ωv = 1
2βV
kσ2∑
~k=kσ1
kβ2∑
kβ=kβ1
ln
[
a2β(ω
2
β + ω
2)
] − 1
aβV
kσ2∑
~k=kσ1
ln
[
aβω
2
+
[
1 +
(aβω
2
)2]1/2]
, (91)
ε = εE − εv = 1
βV
kσ2∑
~k=kσ1
kβ2∑
kβ=kβ1
ω2
ω2β + ω
2
− 1
2V
kσ2∑
~k=kσ1
ω
[
1 +
(aβω
2
)2]−1/2
, (92)
p = pE − pv = 1
3βV
kσ2∑
~k=kσ1
kβ2∑
kβ=kβ1
ω2 −m2
ω2β + ω
2
− 1
6V
kσ2∑
~k=kσ1
(
ω − m
2
ω
)[
1 +
(aβω
2
)2]−1/2
. (93)
These quantities are the same as those from Ref. [37]. Here and below for m = 0 the ~k = 0, kβ = 0 term does not
contribute to the sum.
Using Eqs. (92) and (93), we obtain the trace anomaly for the free real scalar field on the finite lattice as
∆2 = β
4(ε− 3p) = β
3
V
kσ2∑
~k=kσ1
kβ2∑
kβ=kβ1
m2
ω2β + ω
2
− β
4
2V
kσ2∑
~k=kσ1
m2
ω
[
1 +
(aβω
2
)2]−1/2
. (94)
It defines the deviation of the equation of state from the Stefan-Boltzmann equation, pSB = εSB/3. The trace anomaly
for the free massive real scalar field on the finite lattice is not equal to zero at the finite temperature and volume.
However, for m = 0 the trace anomaly (94) is equal to zero, ∆2 = 0.
The potential inhomogeneity for the free real scalar field on the finite lattice is given by
∆1 = 3β
4(ωph + p). (95)
Its finite values define the violation of the homogeneous properties of the thermodynamic potential on a finite lattice
(Nβ , Nσ). See Section V.
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It should be stressed that in the continuum limit the vacuum and physical lattice quantities given in Eqs. (88), (89),
(90), (91), (92) and (93) resemble the continuum limit quantities (75), (68), (72), (76), (69) and (73), respectively. In
the continuum limit we have ω =
√
~p2 +m2, pα = ∆pαkα (α = x, y, z), kσ1 = −∞ and kσ2 =∞. Substituting these
quantities in Eqs. (88), (89), (90) and taking the limit aβ → 0, we obtain
ωv =
1
V
lim
aβ→0
∑
~k
ln
[
aβω
2
+
[
1 +
(aβω
2
)2]1/2] 1aβ
=
1
V
∑
~k
ln e
ω
2 =
1
2V
∑
~k
ω = ωcv, (96)
εv =
1
2V
lim
aβ→0
∑
~k
ω
[
1 +
(aβω
2
)2]−1/2
=
1
2V
∑
~k
ω = εcv, (97)
pv =
1
6V
lim
aβ→0
∑
~k
(
ω − m
2
ω
)[
1 +
(aβω
2
)2]−1/2
=
1
6V
∑
~k
(
ω − m
2
ω
)
= pcv, (98)
where the range of kα is given below Eq. (69). In the previous Section it was proved that in the continuum limit
we have ωE = ω
c
E, εE = ε
c
E and pE = p
c
E . Then, using Eqs. (74), (67), (71) and Eqs. (91), (92), (93), we obtain
ωph = ω
c
E −ωcv = ωcph, ε = εcE − εcv = εc and p = pcE − pcv = pc. Thus, in the continuum limit the vacuum and physical
terms of the thermodynamic quantities given in Ref. [37] exactly coincide with the same quantities obtained in the
canonical quantization method [20, 40].
In the limit Nβ →∞, aβ → 0 at β = const and fixed value of Nσ the vacuum and physical lattice quantities given
in Eqs. (88), (89), (90), (91), (92) and (93) recover Eqs. (65), (59), (62), (66), (60) and (63), respectively. In this limit
Eqs. (88), (89), (90) can be rewritten as
ωv =
1
V
lim
aβ→0
kσ2∑
~k=kσ1
ln
[
aβω
2
+
[
1 +
(aβω
2
)2]1/2] 1aβ
=
1
V
kσ2∑
~k=kσ1
ln e
ω
2 =
1
2V
kσ2∑
~k=kσ1
ω = ω∗v , (99)
εv =
1
2V
lim
aβ→0
kσ2∑
~k=kσ1
ω
[
1 +
(aβω
2
)2]−1/2
=
1
2V
kσ2∑
~k=kσ1
ω = ε∗v, (100)
pv =
1
6V
lim
aβ→0
kσ2∑
~k=kσ1
(
ω − m
2
ω
)[
1 +
(aβω
2
)2]−1/2
=
1
6V
kσ2∑
~k=kσ1
(
ω − m
2
ω
)
= p∗v, (101)
where ω is given in Eq. (51). In the previous Section it was proved that in this limit we have ωE = ω
∗
E , εE = ε
∗
E and
pE = p
∗
E. Then, using Eqs. (64), (58), (61) and Eqs. (91), (92), (93), we obtain ωph = ω
∗
E−ω∗v = ω∗ph, ε = ε∗E−ε∗v = ε∗
and p = p∗E − p∗v = p∗.
V. THERMODYNAMIC POTENTIAL AND ZEROTH LAW OF THERMODYNAMICS
In the equilibrium statistical mechanics all thermodynamic quantities belong to the class of homogeneous functions
of the zero and first order. This property of the thermodynamic quantities provides the fulfilment of the requirements
of the equilibrium thermodynamics. For example, in the grand canonical ensemble the zeroth law of thermodynamics
is satisfied if the temperature is intensive (zero order) and the grand thermodynamic potential is extensive, i.e. it is
a homogeneous function of the first order with respect to the extensive variable of state V .
Let us consider the case when the thermodynamic potential of the grand canonical ensemble is indeed a homogeneous
function of the first order with respect to the extensive variable of state V . We have [29, 30]
Ω(T, V, µ) = V ω(T, µ). (102)
Then the pressure p and the potential inhomogeneity ∆1 = 3(ω + p)/T
4 can be written as
p = − ∂Ω
∂V
= −Ω
V
(103)
and
∆1 =
3
T 4
(
Ω
V
+ p
)
= 0. (104)
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For the free neutral scalar field µ = 0. Note that only in this section ω denotes the density of the thermodynamic
potential of the grand canonical ensemble.
To prove the zeroth law of thermodynamics, let us divide the system into two subsystems (1 and 2). Then the
extensive variables of state of the grand canonical ensemble should be additive and the intensive variables of state
should be the same [29, 30]
V = V 1 + V 2, T = T 1 = T 2, µ = µ1 = µ2. (105)
Since the function ω in Eq. (102) depends only on the intensive variables of state T and µ then we have
ω(T, µ) = ω1(T 1, µ1) = ω2(T 2, µ2). (106)
Using Eqs. (102), (105) and (106), we obtain
Ω1(T 1, V 1, µ1) + Ω2(T 2, V 2, µ2) = Ω(T, V, µ). (107)
Thus, we have obtained that if the thermodynamic potential is a homogeneous function of the first order and the
temperature is intensive, then the thermodynamic potential is an additive function and the potential inhomogeneity
is zero. This proves the zeroth law of thermodynamics for the grand canonical ensemble [29, 30].
Let us consider a more general case when the thermodynamic potential of the grand canonical ensemble is an
inhomogeneous function. For example, we can write
Ω(T, V, µ) = V αω˜(T, µ), (108)
where α is a real number. For α = 1 we have Eq. (102). Then the pressure p and the potential inhomogeneity ∆1 can
be written as
p = − ∂Ω
∂V
= −αΩ
V
(109)
and
∆1 =
3
T 4
(
Ω
V
+ p
)
=
3
T 4
(1− α)Ω
V
. (110)
For the inhomogeneous thermodynamic potential (108) at α 6= 1 the potential inhomogeneity ∆1 6= 0 and the pressure
p 6= −Ω/V .
To verify the zeroth law of thermodynamics for the inhomogeneous thermodynamic potential (108), let us divide
the system into two subsystems (1 and 2) and require Eq. (105). Then we have
ω˜(T, µ) = ω˜1(T 1, µ1) = ω˜2(T 2, µ2). (111)
Using Eqs. (105), (108) and (111), we obtain
Ω1(T 1, V 1, µ1) + Ω2(T 2, V 2, µ2) =
(V 1)α + (V 2)α
V α
Ω(T, V, µ). (112)
For α 6= 1 we have Ω1+Ω2 6= Ω. Thus, we have obtained that if the thermodynamic potential of the grand canonical
ensemble is not a homogeneous function of the first order with respect to the extensive variable of state V , then the
thermodynamic potential Ω is nonadditive, the potential inhomogeneity ∆1 is not equal to zero (p 6= −Ω/V ) and the
zeroth law of thermodynamics is not satisfied.
VI. ANALYSIS AND RESULTS
Let us study numerically the thermodynamic properties and the finite volume corrections to the thermodynamic
quantities for the real scalar field on the finite lattice and in the continuum limit at a finite temperature T in some
finite volume V which is typical for the ultrarelativistic heavy ion and hadron-hadron collisions [41–48].
Figure 1 shows the dependence of the energy density εE , its limit ε
∗
E, and the shift ∆E ≡ ε∗E − εE on the number
of sites Nβ and Nσ for the free neutral scalar field on the finite lattice with the mass of π
0 pion at temperature T
in volume V . For the given T , V and Nσ (left panels), the energy density εE (53) increases with Nβ and attains
the constant value ε∗E (58) at large values of Nβ . The shift ∆E decreases with increasing Nβ and tends to zero,
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FIG. 1: (Color online) The energy density εE, its limit ε
∗
E , and the shift ∆E = ε
∗
E − εE as functions of Nβ and Nσ for the free
neutral scalar field on the finite lattice with the mass of π0 pion at temperature T = 100 MeV in the volume V = 93 fm3. Left
panels: The lines 1, 2 and 3 correspond to the values of Nσ = 10, 20 and 30, respectively. Right panels: The lines 1, 2 and 3
correspond to the values of Nβ = 100, 500 and 1000, respectively.
∆E = 0, as Nβ →∞. For the given T , V and Nβ (right panels), the energy density εE , its limit ε∗E and the shift ∆E
increase with Nσ. However, at large values of Nβ the energy density εE tends to its limiting value ε
∗
E and the shift
∆E decreases with increasing Nβ .
Figure 2 represents the dependence of the physical energy density ε, its limits ε∗ and εc, and the shifts ∆cε ≡ ε− εc,
∆∗ε ≡ ε − ε∗, and ∆cε∗ ≡ ε∗ − εc on the lattice parameters Nβ and Nσ for the free neutral scalar field on the finite
lattice with the mass of π0 pion at some fixed temperature and volume. For the given T , V and fixed Nσ (left panels),
the physical energy density ε (92) decreases with Nβ and tends to the constant ε
∗ (60) as Nβ → ∞, and the shift
∆∗ε goes to zero. However, ∆
c
ε approaches ∆
c
ε∗ and they become the same constants different from zero as Nβ →∞.
For large values of Nβ the physical energy densities ε and ε
∗ decrease with increasing Nσ and tend to their limiting
value εc (69), and the shifts ∆cε and ∆
c
ε∗ go to zero. For the given T , V and fixed Nβ (right panels), the physical
energy density ε has a maximum and then decreases with increasing Nσ, and tends to a constant value different from
ε∗ and εc. The lattice physical energy density ε∗ also has a maximum and decreases with increasing Nσ, but tends to
the constant value εc as Nσ → ∞. The shift ∆cε∗ goes to zero with increasing Nσ; however, ∆cε approaches ∆∗ε , and
they become the same constants different from zero with increasing Nσ for the fixed Nβ ; ∆
c
ε and ∆
∗
ε tend to zero as
Nβ →∞ and Nσ →∞.
The exact calculations of the lattice physical energy densities (60), (69) and (92) allow us to estimate the lattice
size (Nβ , Nσ) which approximates the continuum limit with certain accuracy. The specific lattice parameter Nσ can
be found from the condition ∆cε∗ = ε
∗ − εc ≤ δσ with some given accuracy δσ. Then, the specific lattice parameter
Nβ can be estimated from the behavior of the physical energy densities ε and ε
∗ as functions of Nβ at fixed Nσ, i.e.,
from the condition ∆∗ε = ε− ε∗ ≤ 10−2δσ. Here, the number 10−2 was chosen arbitrarily.
As an example, Figure 3 represents the number of lattice sites Nβ , Nσ and the spacings aβ , aσ which approximate
the continuum limit for the physical energy density as functions of the length Lσ for the free neutral scalar field on
the finite lattice with the mass of π0 pion at the temperature T = 100 MeV and δσ = 0.01 MeV fm
−3. For the
length Lσ ≤ 1.5 fm, the numbers of lattice sites Nβ, Nσ grow rapidly with Lσ and achieve the values Nβ ≈ 300 and
Nσ ≈ 30. Then, Nσ continues to increase more slowly but Nβ slightly decreases. However, at large volumes this
difference diminishes. For example, for Lσ = 10 fm the parameter Nσ = 151 and the parameter Nβ = 242. The
spacings aβ , aσ are almost constant. For example, for Lσ = 10 fm the parameter aσ = 0.066 fm and the parameter
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FIG. 2: (Color online) The physical energy density ε, its limit ε∗, and continuum limit εc, and the shifts ∆cε = ε−ε
c, ∆∗ε = ε−ε
∗,
∆cε∗ = ε
∗ − εc as functions of Nβ and Nσ for the free neutral scalar field on the finite lattice with the mass of π
0 pion at a
temperature T = 100 MeV in the volume V = 93 fm3. Left panels: The lines 1 and 2 correspond to the values of Nσ = 10 and
20, respectively. Right panels: The lines 1 and 2 correspond to the values of Nβ = 10 and 20, respectively.
TABLE I: Some values of ∆E = ε
∗
E − εE for the free neutral scalar field on the finite lattice with the mass of π
0 pion at the
temperature T = 100 MeV for different values of Nβ and V . The shift ∆E is given in units of MeV fm
−3.
V (fm3) 1 33 63 93
Nσ
Nβ 8 47 91 136
103 1.97 102 1.11 104 9.14 103 8.94 103
104 1.97 100 1.11 102 9.15 101 8.95 101
105 1.97 10−2 1.11 100 9.15 10−1 8.97 10−1
aβ = 0.008 fm. Thus, with increasing volume the number of spatial sites Nσ, which gives a good approximation to
the continuum limit, increases; however, the spatial spacing aσ may remain unchanged. The number of temporal sites
Nβ and the temporal spacing aβ are practically unchanged with V at fixed values of the temperature T . Note that
at these values of T , V , Nβ and Nσ the energy density εE deviates essentially from its limit ε
∗
E . See Table I.
Let us numerically verify Eq. (64) noting that the density of the thermodynamic potential (52) in the limit Nβ →∞,
β = const and the fixed value of Nσ is divided into the sum of two terms: the vacuum term and the physical term.
Figure 4 represents the density of the thermodynamic potential ωE (52), its limit ω
∗
E (64), and the shift ∆ω ≡ ω∗E−ωE
as functions of Nβ for the free neutral scalar field on the finite lattice with the mass of π
0 pion at the temperature T in
some volume V for different values of Nσ. For the given T , V and Nσ, the density of the thermodynamic potential ωE
(52) increases with Nβ and attains the constant ω
∗
E (64) at large values of Nβ. The shift ∆ω decreases with increasing
Nβ and tends to zero, ∆ω = 0, as Nβ → ∞. This numerically proves that Eq. (52) in the limit Nβ → ∞, β = const
and fixed value of Nσ recovers Eq. (64) which contains only two terms: the vacuum term ω
∗
v and the physical term
ω∗ph.
Figure 5 represents the behavior of the physical energy density (92), the physical pressure (93), the density of the
physical thermodynamic potential (91), the trace anomaly (94) and the potential inhomogeneity (95) as functions
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FIG. 3: (Color online) The values of the lattice parameters Nβ , Nσ, aβ and aσ which approximate the continuum limit of the
physical energy density as functions of the length Lσ for the free neutral scalar field on the finite lattice with the mass of π
0
pion at the temperature T = 100 MeV.
FIG. 4: (Color online) The density of the thermodynamic potential ωE (52), its limit ω
∗
E (64), and the shift ∆ω as functions
of Nβ for the free neutral scalar field on the finite lattice with the mass of π
0 pion at the temperature T = 100 MeV in the
volume V = 93 fm3 for different values of Nσ. The lines 1, 2 and 3 correspond to the values of Nσ = 10, 20 and 30, respectively.
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FIG. 5: (Color online) The exact lattice results for the massive scalar field. The physical energy density ε (92), the physical
pressure p (93), the density of the physical thermodynamic potential ωph (91), the trace anomaly ∆2 (94) and the potential
inhomogeneity ∆1 (95) as functions of volume V and temperature T for the free neutral scalar field with the mass of π
0 pion
on the lattice for Nβ = 20, Nσ = 20 (line 1), Nσ = 100 (line 2) and in the continuum limit (line 3). Left panels: All curves
were calculated at the volume V = 33 fm3. Right panels: All lines correspond to the temperature T = 100 MeV.
of volume V and temperature T for the free neutral scalar field on the finite lattice with the mass of π0 pion. For
V = 33 fm3 and fixed values of Nβ and Nσ, the function ε(T )/T
4 has two maxima, one maximum is at the lower
temperatures and the other maximum is at the higher temperatures. See the left panels of Fig. 5. This function
vanishes as T → ∞. Thus, the lattice physical energy density (92) does not recover the Stefan-Boltzmann energy
density εSB at high temperatures. The second maximum of the function ε(T )/T
4 moves toward higher temperatures
with Nσ and the values of the function ε(T )/T
4 at the intermediate points between these two maxima tend to the
values of energy in the continuum limit as Nσ → ∞. The same behavior is clearly seen for the lattice physical
thermodynamic potential ωph(T )/T
4. However, the lattice physical pressure p(T )/T 4 has only one maximum at high
temperatures and does not recover its Stefan-Boltzmann limit. The lattice trace anomaly ∆2(T ) has a maximum
at low temperature and vanishes with increasing T . However, the lattice potential inhomogeneity −∆1(T ) is an
oscillating function of T and it is not equal to zero for those values of T for which the energy density and pressure
are nonvanishing functions. Thus, as the lattice potential inhomogeneity ∆1 is not equal to zero, the lattice physical
thermodynamic potential (Ωph = V ωph) is not a homogeneous function of the first order with respect to the extensive
variable of state V for all values of the temperature T at fixed Nβ, Nσ and V . In this case the function ωph depends
on V . Note that for Nβ = 20 and Nσ < 100 at V = 3
3 fm3 and T > 200 MeV all the lattice quantities differ from
their corresponding continuum limit values.
The volume dependence of the physical energy density (92), the physical pressure (93), the density of the physical
thermodynamic potential (91), the trace anomaly (94) and the potential inhomogeneity (95) is presented in the right
panels of Fig. 5. The physical energy density ε(V ) on the finite lattice increases infinitely with the decrease in volume
V . Such behaviour is also observed in the density of the lattice physical thermodynamic potential ωph(V ). However,
the lattice physical pressure p(V ) tends to zero as V → 0. With growing volume V the function ε(V ) first decreases,
then increases and reaches its maximum and drops to zero in the limit V →∞. The maximum of the function ε(V )
moves toward larger volumes of V with the increase of the lattice size Nσ. And the values of the function ε(V ) at the
intermediate points between these two maxima tend to the values of energy in the continuum limit as Nσ →∞. The
same behavior is also seen for the lattice physical thermodynamic potential ωph(V ). The lattice physical pressure p(V )
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increases with V , reaches its maximum and then drops to zero in the limit V →∞. The lattice trace anomaly ∆2(V )
and the lattice potential inhomogeneity −∆1(V ) increase infinitely as V → 0. The trace anomaly ∆2 and the potential
inhomogeneity ∆1 on the finite lattice are not equal to zero for all values of V for which the lattice physical energy
density, the lattice physical thermodynamic potential and the lattice physical pressure are nonvanishing functions.
Thus, as the lattice potential inhomogeneity ∆1 is not equal to zero, the lattice physical thermodynamic potential
Ωph is not a homogeneous function of the first order. In the thermodynamic limit as V → ∞ the lattice physical
pressure (93) and the lattice density of the physical thermodynamic potential (91) vanish. Note that for Nβ = 20 and
Nσ < 100 at T = 100 MeV and V > 9
3 fm3 all the lattice quantities differ from their corresponding continuum limit
values.
Let us, now, explain why in Fig. 5 we have two maxima in ε/T 4 but only one in the pressure 3p/T 4 at finite volume
and why the pressure 3p/T 4 vanishes for high temperature or for infinite volume on the fixed finite lattice. Let us
rewrite Eqs. (92), (93) and (94) in the form
ε =
1
V
kσ2∑
~k=kσ1
ω 〈n~k〉, (113)
p =
1
3V
kσ2∑
~k=kσ1
(
ω − m
2
ω
)
〈n~k〉, (114)
∆2 =
1
T 4V
kσ2∑
~k=kσ1
m2
ω
〈n~k〉, (115)
where
〈n~k〉 ≡ T
kβ2∑
kβ=kβ1
ω
ω2β + ω
2
− 1
2
[
1 +
(
ω
2TNβ
)2]−1/2
, (116)
ωβ = 2TNβ sin
πkβ
Nβ
, (117)
ω =
√√√√∑
α
(
2Nσ
V 1/3
sin
πkα
Nσ
)2
+m2. (118)
In the limit Nβ →∞, aβ → 0 at β = const and Nσ = const Eq. (116) can be written as
〈n~k〉∗ = Tω
∞∑
kβ=−∞
1
(2πTkβ)2 + ω2
− 1
2
. (119)
Using Eq. (57) we obtain
〈n~k〉∗ =
1
2
coth
ω
2T
− 1
2
=
1
eω/T − 1 , (120)
where ω is calculated by Eq. (118). In the continuum limit Eqs. (120) and (118) take the form
〈n~k〉c =
1
eω/T − 1 , ω =
√√√√( 2π
V 1/3
)2∑
α
k2α +m
2. (121)
The quantity 〈n~k〉c is the mean occupation numbers for the ideal boson gas in a finite volume in the continuum limit.
Thus, the quantity 〈n~k〉 may be considered like the mean occupation numbers for the neutral scalar field on the finite
lattice. To understand the behaviour of the energy density and the pressure we should study all the terms of the sums
(113) and (114). Thus, let us introduce the two distribution functions corresponding to the energy density ε/T 4 and
the pressure 3p/T 4:
fε(~k) =
ω
T 4V
〈n~k〉,
ε
T 4
=
kσ2∑
~k=kσ1
fε(~k) (122)
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FIG. 6: (Color online) The mean occupation numbers 〈n~k〉 (116), the distribution function fε(
~k) (122) and the distribution
function fp(~k) (123) as functions of the length of the wavenumber vector |~k| for the free neutral scalar field with the mass of
π0 pion on the lattice for Nβ = 20, Nσ = 20 in the volume V = 3
3 fm3 for different values of temperature T .
and
fp(~k) =
1
T 4V
(
ω − m
2
ω
)
〈n~k〉,
3p
T 4
=
kσ2∑
~k=kσ1
fp(~k). (123)
Figure 6 represents the behavior of the mean occupation numbers 〈n~k〉 (116), the distribution function fε(~k) (122)
and the distribution function fp(~k) (123) as functions of the length of the wavenumber vector |~k| for the free neutral
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FIG. 7: (Color online) The energy density εE (53), the vacuum energy density εv (89), the physical energy density ε = εE − εv
(92), their derivatives with respect to T and the zero-mode term fε(~k = 0)T
4 (124) as functions of the temperature T for the
free neutral scalar field with the mass of π0 pion on the lattice for Nβ = 20, Nσ = 20 in the volume V = 3
3 fm3.
scalar field with the mass of π0 pion on the lattice for Nβ = 20, Nσ = 20 in the volume V = 3
3 fm3 for different
values of temperature T . Note that the calculations on Fig. 6 correspond to the curves depicted by the number 1
on the left upper panel of Fig. 5. The first maximum in ε/T 4 corresponds to the temperature T ≈ 35 MeV. At this
value of temperature the distribution functions 〈n~k〉 sharply decreases with |~k| and the main contribution to the first
maximum of ε/T 4 is provided by the zero-mode term kx = ky = kz = 0. The other terms ~k 6= 0 are insignificant. It
is not difficult to verify numerically that the rise and fall of the function ε/T 4 around its first maximum are very well
described by the zero-mode term
fε(~k = 0) =
m2
T 3V
kβ2∑
kβ=kβ1
1
ω2β +m
2
− m
2T 4V
[
1 +
(
m
2TNβ
)2]−1/2
. (124)
See the left panel of Fig. 7. Contrariwise, the zero-mode term kx = ky = kz = 0 in the distribution fp(~k) is equal
to zero, fp(~k = 0) = 0, because ω = m and ω − (m2/ω) = 0. Since the other terms ~k 6= 0 are insignificant in
the distribution 〈n~k〉 we have fp(~k) ∼ 0 and the pressure 3p/T 4 ∼ 0. See the upper panels of Fig. 6 and the left
upper panel of Fig. 5. Thus, the vanishing zero-mode term in the pressure for the massive scalar field leads to the
vanishing pressure in the temperature range around the first maximum of ε/T 4. This leads to the nonvanishing
trace anomaly ∆2 ≈ fε(~k = 0) and the nonvanishing potential inhomogeneity, which is not equal to zero due to the
nonvanishing density of the physical thermodynamic potential (91). See the left lower panel of Fig. 5. Thus, in the
temperature range around the first maximum of ε/T 4, the trace anomaly ∆2 ≈ ε/T 4 and the nonvanishing potential
inhomogeneity for the massive scalar field on the finite lattice are related to the overwhelming contribution of the
zero-mode term kx = ky = kz = 0 to these quantities. The distribution function fp(~k) practically coincides with fε(~k)
for all ~k 6= 0 at any value of temperature T . The contribution of the zero-mode term in fε(~k) and 〈n~k〉 decreases
with T . Therefore, at high temperatures the pressure 3p/T 4 becomes identical with the energy density ε/T 4. The
appearance of the second maximum in ε/T 4 and the maximum in 3p/T 4 may be explained by the finiteness of the
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3-dimensional momentum space and the limited values of kβ for the fixed finite lattice (Nβ , Nσ). This maximum shifts
toward higher temperatures with Nσ and completely disappears in the continuum limit. See the left upper panel of
Fig. 5. In the continuum limit the 3-dimensional momentum space becomes infinitely large and the range of kβ also
grows to infinity. In detail the second maximum in ε/T 4 is determined by the inflection point in the energy density
εE (53), when the derivative ∂εE/∂T has the minimum, and by the achievement of the vacuum energy density its
maximal constant value. See Fig. 7. The inflection point in the energy density εE appears due to the increase of
ωβ, which depends on Nβ and T , with T at constant value of ω, which depends solely on Nσ and V , and does not
depend on the temperature T . With the growth of the temperature T the behaviour of the physical energy density
ε is determined by the energy density εE since the vacuum energy density εv achieves its maximal constant value.
Since the 3-momentum is confined kσ1 ≤ ~k ≤ kσ2 at the fixed finite value of Nσ the distribution 〈n~k〉 becomes more
uniform and grows with T . See the lowest left two panels of Fig. 6. This leads to the increase of ε and p with T .
The quantities 〈n~k〉, ε and p grow linearly with T as T →∞ because in the sum with regard to kβ in Eq. (116) only
the term kβ = 0 survives, i.e. 〈n~k〉 = T/ω, ε = TN3σ/V and p = T (N3σ −
∑kσ2
~k=kσ1
m2/ω2)/3V . Therefore, the energy
density ε/T 4 → 0 and the pressure 3p/T 4 → 0 as T → ∞. In the limit V → ∞ at T = const we have ω = m and
〈n~k〉 = 〈n~k=0〉 for all ~k. This leads to ε = m〈n~k=0〉N3σ/V → 0 and p = (m−m)〈n~k=0〉N3σ/3V → 0 as V →∞.
Figure 8 represents the behavior of the physical energy density (69), the physical pressure (73), the density of
the physical thermodynamic potential (76), the trace anomaly (77), the potential inhomogeneity (78) and the mean
number of particles 〈N〉c = ∑~p 1/(eβω − 1) as functions of volume V and temperature T for the free neutral scalar
field in the continuum limit with the mass of π0 pion. For V = 33 fm3, the function εc(T )/T 4 has a maximum at
T ∼ 30 − 40 MeV. With the growth of the temperature T this function decreases and attains a constant value as
T →∞. For V = 63 fm3 and in the thermodynamic limit, the function εc(T )/T 4 is a monotonically increasing function
with T and tends to the same constant value as T →∞. The same behavior is seen for the physical thermodynamic
potential −ωcph(T )/T 4; however, the maximum of this function is located at T ∼ 50 MeV. For V = 33 fm3, V = 63
fm3 and in the thermodynamic limit, the physical pressure pc(T )/T 4 increases monotonically with T and tends to
a constant value as T → ∞. The continuum physical energy density εc, the continuum physical thermodynamic
potential ωcph and the continuum physical pressure p
c tend to their thermodynamic limit values with T and resemble
the Stefan-Boltzmann limit as T → ∞. For all values of V , the continuum trace anomaly ∆c2(T ) has a maximum.
With the growth of the temperature T this function decreases and tends to zero as T → ∞. The appearance of the
maximum in the trace anomaly in the continuum limit at low temperatures T is independent of the presence of the
maximum in the energy density. For both V = 33 fm3 and V = 63 fm3, the potential inhomogeneity −∆c1(T ) in
the continuum limit has a maximum. However ∆c1 is equivalent to zero for V → ∞. The potential inhomogeneity
−∆c1(T ) for the free massive neutral scalar field in the continuum limit decreases with T and tends to zero as T →∞.
The nonzero values of the potential inhomogeneity ∆c1 at finite values of T indicate that for fixed values of V the
continuum physical thermodynamic potential (Ωcph = V ω
c
ph) is not a homogeneous function of the first order with
respect to the extensive variable of state V . The function ωcph depends on V .
The volume dependence of the physical energy density (69), the physical pressure (73), the density of the physical
thermodynamic potential (76), the trace anomaly (77), the potential inhomogeneity (78) and the mean number of
particles 〈N〉c in the continuum limit is presented in the right panels of Fig. 8. The physical energy density εc in the
continuum limit increases infinitely with the decrease in volume V . Such behaviour is also seen in the density of the
continuum physical thermodynamic potential ωcph. However, the physical pressure p
c tends to zero as V → 0. With
the growth of the volume towards V > 103 fm3 the physical energy density εc, the physical thermodynamic potential
ωcph and the physical pressure p
c in the continuum limit reach their values in the thermodynamic limit, which are
different from their values in the Stefan-Boltzmann limit. The trace anomaly ∆c2 and the potential inhomogeneity
−∆c1 increase infinitely as V → 0. The trace anomaly ∆c2 in the continuum limit is not equal to zero for all values of V
and fixed temperature T . The potential inhomogeneity −∆c1 for the free massive neutral scalar field in the continuum
limit decreases with V and vanishes in the thermodynamic limit as V → ∞. Thus, in the thermodynamic limit the
continuum physical thermodynamic potential Ωcph is a homogeneous function of the first order with respect to the
extensive variable of state V .
Figure 9 represents the behavior of the physical energy density (69), the physical pressure (73), the density of
the physical thermodynamic potential (76), the trace anomaly (77), the potential inhomogeneity (78) and the mean
number of particles 〈N〉c as functions of volume V and temperature T for the free massless neutral scalar field in
the continuum limit without zero-mode term. For V = 33 and V = 63 fm3, the physical energy density εc(T )/T 4
coincides with the physical pressure pc(T )/T 4 and they both are monotonically increasing functions with T . The same
behavior is seen for the physical thermodynamic potential −ωcph(T )/T 4; however, the physical thermodynamic poten-
tial −ωcph(T )/T 4 does not coincide with the physical pressure pc(T )/T 4. The physical energy density εc, the physical
thermodynamic potential ωcph and the physical pressure p
c in the continuum limit tend to the Stefan-Boltzmann
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FIG. 8: (Color online) Continuum limit for the massive scalar field. The physical energy density εc (69), the physical pressure
pc (73), the density of the physical thermodynamic potential ωcph (76), the trace anomaly ∆
c
2 (77), the potential inhomogeneity
∆c1 (78) and the mean number of particles 〈N〉
c as functions of volume V and temperature T for the free neutral scalar field
with the mass of π0 pion in the continuum limit. Left panels: the curves were calculated at the volume V = 33, 63 fm3 and in
the thermodynamic limit (V →∞). Right panels: the curves correspond to the temperature T = 100 and 200 MeV.
energy density εSB, the Stefan-Boltzmann density of the thermodynamic potential ωSB and the Stefan-Boltzmann
pressure pSB, respectively, as T → ∞. For all values of V , the trace anomaly ∆c2(T ) for the massless field in the
continuum limit is equal to zero. For both V = 33 fm3 and V = 63 fm3, the potential inhomogeneity −∆c1(T ) for the
free massless neutral scalar field in the continuum limit has a maximum. It decreases with T and tends to zero as
T →∞. The nonzero values of the potential inhomogeneity ∆c1 at finite values of T indicate that for fixed values of
V the continuum physical thermodynamic potential Ωcph is not a homogeneous function of the first order.
The volume dependence of the physical energy density (69), the physical pressure (73), the density of the physical
thermodynamic potential (76), the trace anomaly (77), the potential inhomogeneity (78) and the mean number of
particles 〈N〉c for the free massless neutral scalar field in the continuum limit is presented in the right panels of
Fig. 9. The physical energy density εc coincides with the physical pressure pc and they both tend to zero as V → 0.
The physical thermodynamic potential ωcph in the continuum limit also tends to zero as V → 0; however, it does
not coincide with the physical pressure pc at finite V . With the growth of the volume towards V > 104 fm3 the
physical energy density εc, the physical thermodynamic potential ωcph and the physical pressure p
c in the continuum
limit reach their values in the thermodynamic limit, which correspond also to the values of the Stefan-Boltzmann
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FIG. 9: (Color online) Continuum limit for the massless scalar field without zero-mode term. The physical energy density εc
(69), the physical pressure pc (73), the density of the physical thermodynamic potential ωcph (76), the trace anomaly ∆
c
2 (77),
the potential inhomogeneity ∆c1 (78) and the mean number of particles 〈N〉
c as functions of volume V and temperature T for
the free neutral scalar field with the mass m = 0 in the continuum limit without zero-mode term. Left panels: the curves were
calculated at the volume V = 33 and 63 fm3. Right panels: the curves correspond to the temperature T = 100 and 200 MeV.
limit. The trace anomaly ∆c2 in the continuum limit is equal to zero for all values of V and fixed temperature T .
The potential inhomogeneity −∆c1 for the free massless neutral scalar field in the continuum limit decreases with V
and vanishes in the thermodynamic limit as V →∞. Thus, the zero values of the potential inhomogeneity ∆c1 in the
thermodynamic limit indicate that for fixed values of T the continuum physical thermodynamic potential Ωcph is a
homogeneous function of the first order.
In Fig. 9, it was shown numerically that the physical pressure (73) for the free massless neutral scalar field in the
continuum limit without zero-mode term vanishes in the limit as T → 0 or V → 0. Let us prove this statement
analytically. Let us rewrite the physical pressure (73) for m = 0 in a explicit form
pc =
1
3
∞∑
kx=−∞
∞∑
ky=−∞
∞∑
kz=−∞
f(kx, ky, kz), f(kx, ky, kz) =
1
V
∆p
√
k2x + k
2
y + k
2
z
eβ∆p
√
k2x+k
2
y+k
2
z − 1
, (125)
where ∆p = 2π/V 1/3. In this paper we consider only the case without zero-mode term for the free massless neutral
scalar field. Thus, the zero-mode term (kx = ky = kz = 0) in Eq. (125) was suppressed by definition. Since
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~k2 = k2x + k
2
y + k
2
z 6= 0 for all terms of the sum (125), we have f(~k) = (∆p)4|~k|e−∆p|~k|/T /(2π)3 → 0 as T → 0 and
V = const (∆p = const) or V → 0 (∆p→∞) and T = const. Thus the physical pressure (125) and the ratio 3pc/T 4
vanish in the limit as T → 0 or V → 0.
In the continuum limit the nonvanishing potential inhomogeneity (∆c1 6= 0) of the system at low temperatures T
and small values of volume V may be explained by the fact that in the volume V the system contains less than one
particle on average, 〈N〉c ≤ 1. See the lower panels of Figs. 8 and 9. In the grand canonical ensemble the term with
the zero number of particles also contributes to the partition function. Note that for the free real scalar field there is
no conserved current. However, the number of neutral particles can be accounted by the eigenvalues of the number
operator
N =
∫
d3pa+(p)a(p). (126)
The definition of this operator for the free real scalar field can be found, for example, in [49]. The mean number of
particles in the continuum limit 〈N〉c corresponds, namely, to the statistical average of this number operator N and
has the meaning of the average number of neutral bosons in the volume V at temperature T [20]. With the growth
of the volume V and temperature T the mean number of particles in the continuum limit 〈N〉c increases and the
thermodynamic potential becomes a homogeneous function, i.e., ∆c1 → 0.
VII. DISCUSSION AND CONCLUSIONS
In the present paper, the partition function for the free neutral scalar field in one spatial dimension with the periodic
and antiperiodic boundary conditions along the spatial axis was exactly derived in a general form in the framework
of the path integral method in both configuration space and momentum space. The path integral method used in
this paper provides the same results for the partition function of the scalar field as the standard method of path
integrals given, for example, in Ref. [37]. The symmetric square matrices A and B of the bilinear forms on the vector
space of fields in both the configuration and the momentum space were found explicitly. The transformation to the
momentum space in one spatial dimension was implemented by the lattice Fourier transform. To solve exactly the
partition function in the configuration space the recurrence equations were obtained. The exact analytical results
for the partition function in one spatial dimension in the momentum space were also obtained. It was numerically
proved that the partition functions in the configuration space and the momentum space are equivalent. The partition
function was generalized to the three-dimensional spatial momentum space. The main thermodynamic quantities of
the grand canonical ensemble on the finite lattice in the three-dimensional spatial momentum space were derived from
the partition function with the periodic and antiperiodic boundary conditions along the spatial axes. In a particular
case of the periodic spatial boundary conditions we recovered the results firstly obtained in [37] by another method.
We have found the exact analytical expressions for the thermodynamic quantities of the free neutral scalar field
in the continuum limit and in the limit Nβ → ∞, β = const and Nσ = const. In both limits the thermodynamic
quantities of the free neutral scalar field are split into two parts, the sum of the vacuum and physical terms. In
the continuum limit all the vacuum terms are numerically divergent. However, in the limit Nβ → ∞, β = const
and Nσ = const the vacuum terms are finite numbers. In the continuum limit, the thermodynamic quantities of
the free neutral scalar field obtained by the method of path integrals used in this paper exactly coincide with their
corresponding quantities obtained by the method of canonical quantization. In particular, in the thermodynamic limit
the continuum thermodynamic quantities for the massless neutral scalar field recover their Stefan-Boltzmann limit
values.
The vacuum and physical terms of the thermodynamic quantities on a finite lattice were defined as in Ref. [37]. In
the continuum limit, these lattice quantities exactly coincide with their corresponding continuum quantities obtained
by the method of path integrals considered in this paper. The same behaviour is clearly seen for them in the limit
Nβ →∞, β = const and Nσ = const.
The principle of additivity for any statistical system in the grand canonical ensemble has been considered. We
demonstrated in a general form that if the thermodynamic potential of the grand canonical ensemble is not a homoge-
neous function of the first order with respect to the extensive variable of state V , then the thermodynamic potential
is nonadditive, the potential inhomogeneity is not equal to zero and, hence, the zeroth law of thermodynamics in the
grand canonical ensemble is not satisfied.
The thermodynamic properties and the finite volume corrections to the thermodynamic quantities of the free real
scalar field both on the finite lattice and in the continuum limit have been studied in the range of temperature and
volume typical of the ultrarelativistic proton-proton and heavy-ion collisions. We showed that on the finite lattice
the energy density εE and the physical energy density ε recover their limiting values ε
∗
E and ε
∗, εc, respectively, with
the increase of the sizes of the lattice at fixed finite values of temperature and volume. From the exact calculations
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of the lattice physical energy density and its continuum limit value we estimated the number of sites of the lattice
which approximate the continuum limit value of the physical energy density with certain accuracy in the dependence
of the volume of the system at fixed finite temperature T .
We have found that on the finite lattice the exact lattice results for the free massive neutral scalar field are in
good agreement with the continuum limit only in the region of small values of temperature and volume, where the
continuum physical thermodynamic potential of the grand canonical ensemble is not a homogeneous function of the
first order with respect to the extensive variable of state V . At higher values of temperature and volume, where the
continuum physical thermodynamic potential is a homogeneous function of the first order with respect to the extensive
variable of state V , the lattice physical quantities deviate essentially from their continuum limit and have nonphysical
behavior. Furthermore, the lattice physical thermodynamic potential on a finite lattice is not a homogeneous function
of the first order with respect to the extensive variable of state V in the whole range of the variables of state T and
V because the density of the lattice physical thermodynamic potential is a function of volume.
We revealed that at low temperatures and small values of volume the continuum physical quantities for the massive
scalar field deviate essentially from their thermodynamic limit values. With the growth of the temperature at fixed
small values of volume the continuum physical quantities tend to their thermodynamic limit. Such behaviour in the
continuum physical quantities is also seen with the growth of the volume at fixed temperature. At the same time the
higher the temperature, the better the thermodynamic limit values of these quantities approach the Stefan-Boltzmann
limit. For the massive scalar field the continuum trace anomaly is not equal to zero at low temperatures and all values
of volume. With the growth of the temperature at fixed values of volume, the continuum trace anomaly vanishes. The
continuum potential inhomogeneity is not equal to zero at small values of volume and temperature. However, in the
thermodynamic limit or/and at high temperatures it vanishes and the continuum physical thermodynamic potential
becomes a homogeneous function of the first order with respect to the extensive variable of state V .
We found that at low temperatures and small values of volume the continuum physical quantities for the massless
scalar field without zero-mode term deviate essentially from their thermodynamic limit which in the case of the
massless field is the Stefan-Boltzmann limit. With a growing temperature at fixed small values of volume and with
a growing volume at fixed temperature, the continuum physical quantities tend to their thermodynamic limit values.
At the same time the higher the temperature and volume, the faster they tend to the thermodynamic limit with the
increasing volume and temperature. The continuum trace anomaly for the massless scalar field without zero-mode
term is equal to zero for all values of volume and temperature. The continuum potential inhomogeneity is not equal to
zero at small values of volume and temperature. However, in the thermodynamic limit or/and at higher temperatures
it vanishes. In this case the continuum physical thermodynamic potential becomes a homogeneous function of the
first order with respect to the extensive variable of state V . It should be stressed that at low temperatures and small
values of volume the continuum physical thermodynamic potentials for both the massive and the massless scalar field
are not a homogeneous function of the first order because in this case the continuum mean number of particles in the
system is less than one particle on average. In general, the continuum quantities of the ideal gas in a finite volume
deviate essentially from their thermodynamic limit values due to the quantum effects related to the discrete energy
spectra of particles.
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